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. Introduction
A set of M positive integers {al,az,ag,...} is said to have the property D(n), nez —(O) if

aa; +a; +a;+n,a perfect square for all 1< i < j <mand such a set is called a Special Dio m — tuples

with property D(n). Many mathematicians considered the construction of different formulations of Dio -
triples with property D(n) , [1-14].

1. Method of Analysis
2.1 sequence i

An attempt is made to form a sequence of Dio - triples (a,b,c), (b,C,d), (C,d,e),... , Wwith the property
D(n2 +2n+ 5)

Casel:Leta=2n+3 and b=4n+2
Let C be any non-zero integer.

Consider c(2n+4)+n® +4n+8=p? o)

aswell  c(4n+3)+n”+6n+7=0q; @)
Performing some algebra

(4n+3)p/ —(2n+4)g? =2n*+3n +6n-4

by the linear transformations

p, =X +(2n+4)T

g, = X +(4n+3JT

By substituting T =1, we have

X =3n+4
and p, =5n+38.

From (1), c=12n+14.

Hence (a, b, C) is the Special Dio - triple with the property D(n2 +2n+ 5).

Case 2:Let b=4n+2and c=12n+14
Let d be any non-zero integer.

Consider d (4n + 3)+ n’+6n+7=p; 3)
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aswell  d(12n+15)+n? +14n+19=q? 4)
Performing some algebra

(12n+15)p2 —(4n+3)g? =8n° +28n” +56n + 48

by the linear transformations

p, = X +(4n+3)T

g, = X +(12n +15)T

By substituting T =1, we have

X=7Tn+7

and p, =11n+10.

From (3), d =30n +31.

Hence (b, C, d) is the Special Dio - triple with the property D(n2 +2n+ 5).

Case 3: Let c=12n+14 and d =30n+31
Let € be any non-zero integer.

Consider €(12n+15)+n? +14n+19 = p? )
aswell  e(30n+32)+n®+32n+36=0q? 6)
Performing some algebra

(30n+32)pZ —(12n +15)g2 =18n® +53n° +106n + 68

by the linear transformations

p, = X +(12n+15)T

g, = X +(30n+32)T
By substituting T =1, we have

X =19n+22
and p; =3In+37.
From (5), e =80n+90.
Hence (C, d, e) is the Special Dio - triple with the property D(n2 +2n+ 5).

In all the above cases, (a, b, C), (b, C, d), (C, d, e), .... will form a sequence of Dio - triples. For simplicity and
clear understanding , sequence of Dio — triples are exhibited in Table 1 for n=0 to 4.

Table 1 : Examples

n | (ab,c) (b,c,d) (c,d,e) D(n? +2n+5)
o | (3214) (214,31) (14,31,90) D(5)

1| (56,26) (6,26,61) (26,61,170) D(8)

2 | (710,38) | (10,3891) (38,92,250) D(13)

3 | (91450) | (1450121) | (50121,330) | D(20)

4 | (111862) | (1862151) | (62151410) | D(29)

Sequence 11
An attempt is made to form a sequence of Dio - triples (a,b,c), (b,C,d), (c,d,e),... , with the property
D(4n +5)

Casel:Leta=4n+3 and b=4n+2
Let C be any non-zero integer.

Consider c(4n + 4)+ 8n+8=p; (7

51



Three sequences of special dio triple.

aswell  c(4n+3)+8n+7=0] ©)
Performing some algebra

(4n+3)p? —(4n+4)g? =—4n—4
by the linear transformations

p, = X +(4n+4)T

g, = X +(4n+3JT
By substituting T =1, we have

X =4n+4
and p, =8n+8.
From (7), c=16n+14.
Hence (a, b, C) is the Special Dio - triple with the property D(4n + 5).

Case2: Let b=4n+2and c=16n+14
Let d be any non-zero integer.

Consider d (4n + 3)+ 8n+7= p22 9)
aswell  d(16n+15)+20n+19=q2 (10)
Performing some algebra

(16n+15)p2 —(4n+3)g? = 48n° + 96N + 48
by the linear transformations

p, =X +(4n+3)T

q, = X +(16n+15)T

By substituting T =1, we have

X =8n+7
and p, =12n+10.

From (9), d =36n+31.

Hence (b, C, d) is the Special Dio - triple with the property D(4n + 5).

Case 3: Let c=16n+14 and d =36n+ 31
Let € be any non-zero integer.

Consider e(16n +15)+ 20n+19 = p; (11)
aswell  e(36n+32)+40n+36=q? (12)
Performing some algebra

(36n +32)p2 —(16n +15)q2 =80n? +148n + 68

by the linear transformations

p, = X +(16n+15]T

q, = X +(36n+32)T

By substituting T =1, we have

X =24n+22
and p;, =40n+37.

From (11), e =100n+90.

Hence (C, d, e) is the Special Dio - triple with the property D(4n + 5).

In all the above cases, (a, b, C), (b, C, d), (C, d, e), .... will form a sequence of Dio - triples. For simplicity and
clear understanding , sequence of Dio — triples are exhibited in Table 2 for n=0to 4.
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Table 2 : Examples

n | (ab,c) (b,c,d) (c,d,e) D(4n +5)
o | (3214) (214,31) (14,31,90) D(5)
1| (7,6,30) (6,30,67) (30,67,190) D(9)

2 | (11,10,46) | (10,46,103) | (46,103,290) | D(13)
3 | (1514,62) | (14,62139) | (62139,390) | D(17)
4 | (1918,78) | (18,78175) | (78175490) | D(21)

l. Sequence 111
An attempt is made to form a sequence of Dio - triples (a,b,c), (b,c,d), (C,d,e),... , With the property

Dk +1)

Case1:Let a=k* —1—-k"" and b=k*" —1+k"*
Let C be any non-zero integer.

Consider C(k n _ k”+1)+ k2" — k"™ 4 k22 = pl2 (13)

aswell  C(k?" +K" )+ K2 4 k™ 4 K22 = g2 (14)
Performing some algebra

(an +k"+1)p12 _(k2n _kn+1h12 — K33

by the transformations

pl — x +(k2n _kn+l)-|-

g, = X +(k2“ KT

By substituting T =1, we have

X =k*

and p, = 2k*" —k",

From (13), ¢ = 4k*" —1.

Hence (a, b,C) is the Special Dio - triple with the property D(k2n+2 +1).

Case 2: Let b=k®" —1+ k™ and c=4k*" -1
Let d be any non-zero integer.

Consider d (k2" -+ k™ )+ k2" + k™ k2 = p? (15)
aswell  d(4k?" )+ 4K +K2™2 = g2 (16)
Performing some algebra

<4k2n)p22 _(an +kn+lh22 _ kA2 |33

by the transformations

p, = X +(k2n +k“*1)T

q, = X +(ak>")r

By substituting T =1, we have

X =2k +k"*

and p, =3k*" + 2k,

From (15), d =9k*" +3k"" —1.

Hence (b,C, d) is the Special Dio - triple with the property D(k2n+2 +1).

Case 3: Let ¢ =4k?" —1 and d =9k?" +3k"* -1
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Let € be any non-zero integer.
Consider e(4k 2n )+ 4k +k*"? = p? (17)

aswell (9K +3k™ )+ 9k 43k +k2™2 = g2
Performing some algebra

(9k2n +3kn+l)p§ _(4k2n h; — BK4M2 | g 33

by the transformations

P, = X + (4K )T

g, = X +(9k2n +3k”*1)l'

By substituting T =1, we have

X =6k*" +k"*

and p, =10k*" +Kk"*.

From (17), e = 25k ?" +5k ™ —1.

Hence (C, d,e) is the Special Dio - triple with the property D(k ant2 +1).

(18)

In all the above cases, (a, b, C), (b, C, d), (C, d, e), .... will form a sequence of Dio - triples. For simplicity and

clear understanding , sequence of Dio — triples are exhibited in Table 3 for n=0 to 4.

Table 3 : Examples

n | (ab,c) (b,c,d) (c.,d,e) D(k?"? +1)

—k,k,3 k,3,3k +8 3,3k +8,5k + 24 D(k? +1
) ( ) ( ) (

(
1| (-1,2Kk? ~1,4k7 ~1) (2k? —1,4K% —1,12k2 - (4k? —1,12k? —1,30k? —1 Dkt +1)

k4 —1—k3,k4 -1 k4 —1+k3,4k4 _11 4k4 —1,9k4+3k3—1, ]
ke Akt 1 Ok +3Kk? -1 25k* +5k° —1 D{k" +1)
KE—1-K* KE—1) | (K®—11k*4k®—1,) | [4K®—1.9K°+3k" -1,
3 6 gl D(k® +1)
+k* 4K® -1 Ok® +3Kk* -1 25k” +5k" 1
KS—1-K®,K® 1) | (K®—1+k®4k®—1,) | [4K" —1.9K®+3k* -1,
4 8 5 D(k10+1)
+K® 4k° -1 Ok® +3k° ~1 25K" +5k -1

1. Conclusion

This paper concerns with the construction of special dio - triples involving three different sequences of
triples, that cannot be extended to a quadruple. One may search for special dio-triples consisting of special

numbers with suitable property.
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