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I. Introduction

Mathematical model of multiphase and multicomponent media are being built by using conservation laws. The
conservation laws approach assumes that all phases and components, including particulate media modeled as a continuous
medium, each of which is formally distributed throughout the computational domain. Thus at each point in the consedered
domain all the parameters of each phase (continuum) are formally defined. The big advantage of a mathematical model
based on the method of conservation laws is the physical correctness of the received systems of differential equations.
Multiphase and multicomponent media with phase pressure equilibrium occur in the petroleum and chemical industry,
energetics and other fields.

The study of flow of viscous compressible / incompressible liquids based on the solutions to two-speed complete
hydrodynamic equations is of great relevance. As known from the literature, there are very limited number of cases
admitting analytic integration of the Navier-Stokes equations [1]. In [2] a description of the flow of an incompressible two-
speed viscous liquid for the case of phase pressure equilibrium at constant volume saturation substances is giveng by using
scalar functions. A system of differential equations for these functions is obtaned also fundamental solution to the system
in the case of the three-dimensional stationary flows of viscous two-speed continuum with the phase pressure equilibrium
is built in [3]. These solutions can be useful for testing of numerical methods for solving the two-velocity hydrodynamics
equations.

In vector analysis, the field theory and mathematical physics, the classical differential identities are played very
important role. In [4] a series of formulas of vector analysis in the form of the differential identities of the second and third
order connecting a Laplacian of arbitrary smooth scalar function of two independent variablesu (x, y) , the module of a

gradient of this function, angular value and the direction of a gradient is obtained. The results of [4] are generalized in [5]
in two ways: for a three-dimensional case and for arbitrary (not necessarily potential) smooth vector field v . A series of

formulas of vector analysis in the form of differential identities which, on the one hand, connecting the module |v | and the
direction t of an arbitrary smooth vector field v = |v|r in three-dimensional (v = v (x,y,z)) and in two-
dimensional (v = v (x,y)) cases is taken. On the other hand, these formulas separate the module |v| and the direction
© of a vector field v = |v|r . Namely, the main identity compares any smooth vector field Q = P + S, where the field

P is defined only by the module |v| of the field v and is potential both in two-dimensional and in three-dimensional

cases, and the field S is defined only by the direction © of the field and is solenoidal in a two-dimensional case.
Applications of the obtaned identities to the Euler hydrodynamic equations are given.

In this work, additional conservation laws for the equations of two-speed hydrodynamics with one
pressure are obtaned.

Il.  Auxiliary Statements
In [5], A. G. Megrabov has received important differential identities connecting the module and the direction of
a vector field. Let us provide them.

Theorem 1. For any vector feild (v = v (x,y,z)) = |v|1: with the componrnts 8, (x,y,z) e c'(D),

k =1,2,3, modul |v| = 0 in D and direction z the following identety holds
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Q=Q(v)=P(v)+s(r), 1)
where

def vdivv + v x rotv def \% |v|
Q(v)= : . P(v)=Vinlv|= , )

[v] [vi
def
S:S(‘c):‘|:diV‘|:+1:><r0t1::Q(V)-P(|V|). 3)
For the vector field S any of the following representations takes place
(vxV)xv
S=S(‘c):tdin—tS:—{(‘ch)xt+(t~V)‘c}=—T 4
\"

(1, = (7-V)r = rottx 1 is the derivative of the vector =t in the directiont ),
S = rot(ozk)—cos2 drot(ak -tgfdA) =rot(ak + cosfy )-2cosdroty, (5)
where 4 = -sinai+cosaj, w =-sin 64 + a cos 0Kk,
S=-Vax(cosfr-k)+VEOxi, S=nrdivi-xv, (6)

where « is the curvature of the field line of the field v,v is its main normal. For x we have the formula

k’=sin"0a’+0a’ where a = (Va- 1), 0, =(V6O- 1) arethe derivatives of the angles , 6 in the

direction = .
The main identety (1) can also be rewritten in the following form
Q+H,=V In|v|+rotFi, i=1,2,
where  H, =cos’@rot(ak —tgdi), H, = 2cosfroty ,F, = ak, F, = ak + cos Oy, so  that

vectorsH ,F,, and S are determined only by angles « , ¢, that is by the direction ¢ of the field v .
If the property |v| # 0 in D isnotassumed, then identety (1) takes the form

w :vdivv+vxrotv:V|v|2—V,

where
def 2 1 2 . 2 .
\Y :—|v| S:EV|V| —vdlvv—vxrotv:—|v| {'cdlvr+r><rotr}:v><V><v.

Other formulas for W,V can be derived by substituting any expression for S from (4)-(6) in the last
equalities.
Theorem 2. On conditions of theorem 1 and v, (x,y,z)e C*(D) (k =1,2,3), we have

2sing(v-B)
diVS:—ZSiHQ(T‘B)=—T7
v

where B = Va xV 6 =rot(aV)=-rot(0Va). Inaddition, the identity

vdivv + v x rotv

div(Q-P+H,)=0o divj - VIn|v|+Hil=O, (i=1,2)

"
takes place which can be considered as a conservation law (its differential form) with an integral form for the
stream

” ([Q-P+H,]-n)dS = 0, where S is piecewise smooth boundary of the domain D with a normal 7 .
S

In theorems 1 and 2 the followings denotations are accepted: characters (a-b) and (ax b ) designate

scalar and vectorial product of vectors a and b; Vv is Hamiltonian operator (nabla); A is Laplace operator;
D issome domain inthe space of x,y,z; i,j,k arethe unitvectorsalongthe x -,y -, and z - axes of a
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rectangular Cartesian coordinate system respectivele; v = v (x,y,z) = v,i + v,j+ v,k isa vector field on the

. oy 2 .
domain D ; v, =v, (x,y,z) are scalar functitions, k =1,2,3, |v| =vl+vltvl a=a(xy,z)is

v 1%
angle of slope of the vector(v,i+wv,j) to the x-axes so that cosa = —2=,sina = —%=, where
Jo Jo

g=v +v.and  a(x,y,z) is the polar angel of the point (& =v,,¢ =0v,)on the plane &,¢;
def v
0 =60(x,y,z) is the angel between the wvector v and z- axes: 6 = arccos—~ so that

[v
v, Jo

0<6<nm,cosl = H sin @ = |— (that is «,@ —sferical coordinates in the space
\
E=v,6=0,,{ =0, At the same time V= |v|1:, where
7 =7(a,0)=cosasinfi+sinasindj+cosd k isthe diraction vector of the vector field v(|1:|= 1).
In two dimentional case we have
VA -
V=v(x,y)=vji+v,j= v|‘|:|,u3 =0,0=—= t=1(a)=cosai+sinaj, where the angel o is
2

0
defined by (7), Vo = B = 0; forany ¢ (x,y e C'(D)wehave rot(pk)=¢. i-0j, where ¢ :—(ﬂ.
y X X
oX

It follows from theorem 1 that
Theorem 3. For any two-dimensional field v (x,y) with the components v, (x,y)e C (D) k =1,2,

with the module |v| # 0 inthe domain D and with the direction © = © (« ) the following identety holds

def ydivv + v x rotv

2
v

=Vln|v|+rot(ak):> (8)

v(vrotv)
v[

In additation, S = rot(ak )= (S-Va) =0, thatis field vector lines of the vector field S coincide with the

divv = ({V In|v|+ rot(ak)}~v), rotv = {V In|v|+ rot(ak)}xv+

1

level lines of the scalar field of polar angels « (x,y). Moreover, ifuk(x,y)eCZ(D), k =1,2, then
divsS =0, rotS:—(Aa)k:

Aln|v|=divQ, (Aa)k = -rotQ =

aLn{|v]e*} = divQ Fi(rotQ -k) (i = -1).

Inthe conservation law of the theorem 2 we have H, = 0,i =1, 2,
As it is well-known [6], any smooth vector field can be expressed as the sum of the gradient of some scalar and
the rotor of some vector. The identity (8) gives such the expression for the vector field Q. When

v =Vu(x,y), theorem 3 impleis the identities obtained in [4].

I11.  The Equations Of Two-Speed Hydrodynamics With Pressure Equilibrium In Components
And Additional Conservation Laws
In [7], on the basis of conservation laws, invariance of the equations with respect to Galilei
transformations and conditions of thermodynamic coherence the non-linear two-speed model of fluid flow
through a deformable porous medium is constructed. Equations of motion of two-speed medium with one
pressure in the isothermic case have the form [7,8]
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d ]
2., div(pv)=0, 2., div(pV)=0,

ot ot

ov \% 6
—+(V,V)v:——p+L_V(\7—v)2+f, 9)
ot P 2p

ov \%

Evvyre- 2 Ly vy et

ot P 2p

where Vv and v are the speed vectors of components forming a two-speed continuum with partial densiteis 5

and p.; p = p+ p istotal density of the continuum; f is mass force vector carried to a mass unit. The

equation of state of the continuum closes system of differential equations (9) and is given by the equation of
state

p= p(p_,(\‘/—V)z)-

It is convenient to enter new pressure

_ — 2 2 2
p=p(p,.(V-V - —(V=-vVv) .

(P (7 =9))= 2 -v)
In the terms of @, p the last two equvation of the system (9) can be transformed in the form

2

ov 1o (Vev)
—+(V,V)v=-—=Vp- —Vp+T, (10)
ot P 2p
ov 1 V-v
—+(\7,V)\7——7Vp+_LV§+p(—~)V Ing+f, (12)
ot p pp 2p

In the terms of vectors W,V ,S,Q,P,H,F,,W,V,S,Q,P,H ,F, defind in the theorem 1, the

system of equvations (10), (11) can be written down in any of the following forms (symbols without tilde and
with a tilde fall into to the corresponding components of the continuum):
2

ov ) 1 , 1 (Vv-v) .
W =—+vdivw+ —Vov " + =Vp+ ——Vp-f,
ot 2 P 2p
v . 1 (Vv-v)
-V = —+vdivv+ —=Vp+——=Vp - f, 12)
ot Yo 2p
a1 oy _ 1 (v-v)_ ]
G =—{—+vdivw+ —Vp+ Vp-f}1=S(=Q-P)e
oo | ot P 2p ] (13)
<:>G+Hi=rotFi, i=1,2
2
5 oV V-—v
W= 2L vdive + V32+—Vp—fvﬁ—p( _)V|n~—f,
ot 2 p PP 2p
.oV 1 p . pP(V-V) .
-V =—+0divi+ —Vp-——Vp-—F"—VInpg-f, (14)
ot p PP 2p
- 2
_ def 1 ov - ~ 1 B p(V—V ~ ~ ~
G=—4—+Vdivi+—Vp-—Vp- —Ving-fi=5(=Q-P)e
0" | ot p pp 2p J (15)
®é+l:|i:rotF, i=1,2

In the case of absence of mass forces f =0, the system (9) has the solytion v =0, v =0,

~0

p=p° p=p5° p=p° forthe liquids in a state of rest with the common pressure p = p°. When the
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components are homogeneous and incompressible, we have p = const, 5 = const . Therefore,
divv =0, divi=0<«< v =rotA, v = rotA,

where A, A are corresponding vector potentials of the speeds v, v . In other words the vectors v, v are
solenoidal. In this case the equvations of two-velocity hydrodynamicss can be represented in the form

(1, 1 ]

W =V{i{=v"+—=p+U }+rot{A + M},
12 p J
(1 ]

-V =V{=p+U }+r0t{A + M},
Le

s (1, 1_ 1 _ ] .

W =Vi=v'+—p-—-p+U | +r10t{A +M]|
2 P PP J

- (1 1

-V =V{—p+—p+U {+rot{A + M},
W2 PP J

where —f = VU +rotM; A ,A_ are the derivatives of vectors A, A with respect to time. It

follows that when the velocities and physical densities of components are the same we have W = W,V = V
and as a result the formulas for the vector fields w , v .

Thus, for the solution (v,V,p) to the two-speed hydrodynamics equations for the homogeneous
incompressible liquids can be applied theorem 2.

From (13), (15) and theorem 2 we get

Theorem 4. For any flow of two-speed medium consisting of two incompressible components with the same
pressure (v = 0,V = 0) the followng identities take place

i 2 1 .
1 |ov 1 V-V sin @
d|v|—j— vd|vv+—Vp+(—_V/5—fl|=—2 (V- (VaxVvae))=divs,
u Lat ) 2p JJ v
_ 2 1
1 |ov 1 V-V
—j—v vdivy + Tw-%v;i-“ - ) Vlnp—fl|=
v [at o pp 2p JJ
sin @ - -
=-2— (V-(Vo?xve)):divs.
9

Moreover, besides the common conservation laws for smooth vector fields stated in theorem 2, the conservation
laws of differential forms

div(G +H,)=0, div(G+H,)=0s

Fljav 1 (\7—v)2

& div] —{—+ vdivv + —Vf + —
|[v ot P 2p

I ; vy T
1 |ov 1 V-V -
div | jj—+ vd|vv+—Vp—LVp—p(—_)V Inﬁ—fl+ H |
PR p PP 2p J |
and integral forms
[[.([c+H]n)ds =0 [[([G+H ]n)ds=0 i=12
are valid; here the vectors H ( H .) defined in theorem 1 depend only on the angles of directions of velosities

V(x,y,z,t), V(x,y,z,t); S is piecewise smooth boindary of the domain D; # is a unit normal to the S .
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In the irrotational motion (as v = vu, ¥ = v i ) case denoting

def 1 1 (VG—Vu)2
G =—{VUu +AuVu+—=Vp+——"—"V5-Tf[,
P 2p ]
2
L def g 1 o) p(VU—VU)
G = Vﬁl+AﬁVG+TVp—_—~V[~J+—_V|np~—f ,
o | p PP 2p J
we have
2 2sing 0(u,a,0
divG = —div{urot(aVcosd)} = - il (v, )
v v d(x,y,2)
- 2 ~ 2sing 9 G,d,§
divG :—div{arot(chosa)}:— ! ( )
15} v 9(x,y,z)
From these identeties it foolows that
u=u(x,y)(d=0a(xy))= Hsi{ésij U=u(a,0)(0=10(x,0))
2 2
v=v(a 0)(0=0(a0)); u,=9¢(u,u ), :(/S(Gx,ﬂy)),To divG = 0(divG =0)

In the planar case we get v=v(x,y,t)=v1,V=V(x,y,t)=0%, 1=cosai+sinaj,

T=cosai+sinagj , where a =a (x,y,t)and a =da (x,y,t)are the slope of vector lines of the

fieldv(v) as t=const. For incompressible media we have divv =0,divV =0,

2

V=ui-u j=rot(uk),v=10i-0j= rot(dk),v’ :uiJruzy,u~ :Gi+l]2y, where

u=u(x,y,t) and 0 =d(x,y,t) arethe flow functions.
From equations (13), (15), and theorem 3 it follows

Theorem 5. The system of two-speed hydrodynamics equations with one pressure (10), (11) for a planar
motion v = v (x,y,z,t),V = V(x,y,z,t),0 # 0, & # 0 can be represented in the forms

G =rot(e(x,y,t)k), é:rot(d’(x,y,t)k): divG =0, divG =0,
rotG = —(Aa)k, rotG = —(Ad)k = Inv =divQ, Alnv =divQ, (16)
(Aa)k = -rotQ, (Ad)k:—roté,

where the fields G,Q,G,Q defined in (8), (13), and (15).
From theorem 3we have

Corollary 1. Both in the case of plane irrotational motion (v = Au(x,y,t),V = Al (x,y,t)) with potentials
u(x,y,t),d(x,y,t)e C’(D), and in the case of a flat motion of an incompressible two-speed continuum

(v:rot(u(x,y,t)k):uyi—uxj,(\7:rot(ﬂ(x,y,t)k):ﬁyi—ﬁxj) with  a flow function

2

u(x,y,t),d(x,y,t)eCc’(D)  for the  quantities a.a,v=v| Qs V=-0"s,

divVv, rotv(dx,ay,ﬁ:|\7|,Q,S,\7 :—z}zé,div\7,rot\7) we have the same expressions through
derivatives "u (d)"

[ - [ - _ AuVu -~ AUV
v = g,g:ux2+uj,1): g,g:uf+uj, Q= ,S:I’Ot(ak),Q:
g

[

(=]}
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V==v(u+ul)-auvu=—(ul+ul)rot(ak)=
o) o) .
=(uyu, —uu, )i+ (uu, —uu )i=(VuxVv)vu,
divv = 2(u; -u_u ), rotVv :—{uy(Au)x—ux(Au)y}k, (18)
~ 1 2 -
V=—V(0 +0 )-A0VU=-(U0_+0 |rot(ak)=
Lo ot a) (82 + ot ) -
= (a0, -a0 )i+(ou, 00 )j=(VixV)Vd,
divv = 2(d; 0,0, ), rotV = {0 (Ad) -0, (A0) |k, (20)

and the followng identities hold (v # 0, o # 0)

AuVvVu
=V Inu+rot(ak),
19
- AUV U
Q ) =ViIno +rot(dk) <
19
defAu
= :—Zrot(uk):—VaJrrot(lnuk),
19
~def A
R = ~—2rot(ﬁk):—Va +rot(Indk) <
1%
Alnv =divQ, Alng =divQ,

(Aa)k = -rotQ, (Ad )k = ~rotQ.

[1.
[2].

3.
[41.
[5].

[6].
(.

8.

References
Loytsyansky L. G. Mechanics of liquid and gas. M.: Science, 1978. 736 p. (ru)
Imomnazarov KH. KH., Imomnazarov SH. KH., Mamatkulov M. M., Chernykh G. G. The fundamental decision for the stationary
equation of two-speed hydrodynamics with one pressure, Sib. PRESS, 2014, 17, 4(60), 60-66.(ru)
Imomnazarov Kh.Kh., Korobov P.V., Zhabborov N.M. Three-dimensional vortex flows of two-velocity incompressible media in
the case of constant volume saturation, Journal of Mathematical Sciences, New York, 2015, 211, 6,760-766.
Megrabov A. G. The differential identities connecting a Laplacian of scalar function, the module of its gradient and a corner of its
direction, Reports of RAS, 2009,424, 5,599-603. (ru)
Megrabov A. G. The differential identities connecting the module and the directions of a field of vectors, the hydrodynamic
equations of Euler, Reports of RAS, 2010, 433, 3, 309-313. (ru)
N. E. Kochin. Vector calculus and beginnings of a calculus of tensors, M.: Nauka, 1965, 456. (ru)
Dorovsky V. N., Perepechko YU.V. The phenomenological description of two-speed environments with the relaxing tangential
stresses, Journal of applied math. theor. physics, 1992, 3, 94-105.
Dilmuradov N., Kolmurodov A. E. The equations for whirlwinds in two-speed hydrodynamics with one pressure, Uzbek Republican
scientific conference “Mathematical physics and congenerous problems of the modern analysis", 2015, Bukhara, Uzbekistan, 386-
387.

45



