Research Inventy: International Journal Of Engineering And Science
Vol.2, Issue 9 (April 2013), Pp 19-23
Issn(e): 2278-4721, Issn(p):2319-6483, Www.Researchinventy.Com

ON SOME ASPECTS OF , -IDEALS DETERMINED BY -,
AND ¢,

John Wanyonyi Matuya®, Achiles Simiyu® and Shem aywa’
!Department of Mathematics, Maasai Mara University, P.O Box 861-20500, Narok , Kenya
Department of Mathematics, Masinde Muliro University of science and Technology,
P.O BOX 190-50100, Kakamega, Kenya.

Abstract: The M -ideals defined on a real Banach space are called u -ideals. The u -ideals containing
isomorphic copies of ¢, are not strict u -ideals. In this paper we show that u -ideals with unconditional

basis (xn ) which is shrinking has no isomorphic copy of ¢, and thus a strict u -ideal. Finally we show that
u -ideals with unconditional basis (xn ) which is boundedly complete is not homeomorphic to copies of ¢
implying that they are weak " closed in their biduals X *
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I.  INTRODUCTION

A sequence ( x, )_w is called a basis of a normed space X if for every x e X there exists a unique

i=1

series " a, x; thatconvergesto x . The basis (x, )i: for a Banach space X is an unconditional basis if for

i1

each xe X there exists a unique expansion of the form x =% a x  where the sum converges
n=1

unconditionally. The basis ( X, ) is said to be boundedly complete whenever given a sequence (an ) of scalars

for which {Z " a X, :nz l} is bounded, then lim >° ::1a X, exists. If x e X is not boundedly

k=1 k k
complete then X contains an isomorphic copy of ¢ [1].

Let y e X 7 which belongsto X . We say that (x, ) is shrinking,

(] = Yo oo \ *
|<u,z<y,ui>.xi>| :|<y,z<u,xi>.ui>| converges to <y,u> foreveryu e X .
\ Jo UL i )

i=1 n

The notion of u -ideals was introduced and studied thoroughly by Godfrey et al [2]. They generalized M -
ideals defined on a real Banach space. In their paper on unconditional ldeals they established that u -ideals

containing copies of ¢, are not strict u -ideals. A Banach space X is said to be a strict u -ideal in its bidual

when the canonical decomposition X ** = X " @ X © is unconditional. In other words for X to be a strict
u -ideal the u -complement of X * must be norming, that is, the range v of the induced projection on X **

is a norming subspace of X * Vegard and Asvald [3] characterized Banach spaces which are strict u -

ideals in their biduals and showed that X is a strict u -ideal in a Banach space Y ifit contains c . Matuya et
al [4] using the approximation properties, hermitian conditions, isometry studied properties of u -ideals and
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their characterization. They showed that u -ideals containing no copies of sequence space ¢, are strict U -
ideals. In this paper we show that Banach spaces with unconditional basis (xn) that is shrinking is not

homeomorphic to copies of ¢, and so it a strict u -ideal. We also show that the u -ideals with unconditional

basis which are boundedly complete are not bicontinuous to ¢, meaning their u -complement is weak " closed.

Il. RESULTS ON STRICT u -IDEALS
2.1 Proposition

Let X be u -ideal with unconditional basis ( x_ ) . The following statements are equivalent:
[1] The sequence (x, ) is shrinking
[2] X contains no copy of ¢,
[3] X isastrict u -ideal
Proof: i= ii it is clear from the definition that if a sequence (x_ ) is shrinking then X contains no
isomorphic copy of ¢, . In fact proving by contradiction it suffices to show that X contains a copy of ¢, . Let

(c,)be a sequence of coefficient functional associated with (x_ ). Our hypothesis applies that, for some

ce X, the series <c, X, >.cn does not converge in [x Top (XX )} implying that
n=1
- ) : . - .
LZ <c, X, >CJ cannot be Cauchy in [x (XX )} . We therefore find a bounded set L < ¢, and
k

n=1

for each keN we define maps P,Q:L" - X by P(g):z<c,xn>.cn and

n=1

Q(¢)= [Zk: <c, X, >c] which implies together with L(P&-Q¢)<2 ||§ || that

n=1 K

L(Q&)=L(P&)- 2||§||z (£) holds. P is continuous since (x_ ) is bounded, so that P maps L"
homeomorphically into X . Now L" is dense in ¢, . Since ¢, is weakly sequentially complete the same is true
for the subspace P (¢,) of X . In particular (c )has a weak limit in X and so does (x ) because of

<x,ck>: lim <xn,ck>,v k e N, this limit has to be x and this is the desired contradiction.

n— oo

ii = iii Considering the map P it is clear from the definition thatif x" e X " and P x" = x” then x e U

EEE

where U = p(x"""). Now for each » e X " we consider the set F, :{x" e X |Pn(x*):nx*} then

there is a net (x, ) e B . converging in the weak " -topology of X ™ to u . However, u — x~ e X * so that

x, converges to x . Thus wu(n)-= Iimn(x;):n(x*) so that ux*(n)zn(x*). Now
d

Pr (x) = ux" (1) so we conclude that x” e F,_. Hence F, isnorming.

iii = i Suppose X is strict u -ideal. We proceed to show that (x, ) is shrinking. Let y e X *° which

belongs to X . Since (x, ) is shrinking, |(<UZ (y.u).x >\| _ |(<YZ (u, %, }.u >\|
L i-1 J. U i-1 Jn
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converges to (y,u) for every u e X *. We conclude from this that {z <y,ui>.xij is bounded in X so it
i=1
has a limit say

0

x.<x,u>:z <y,ui>.<xi,u>:<y,u>,f0ral| ue X,

i=1
weget y=xe X .

2.2 Proposition Let X be u -ideal with unconditional basis (x ). Show that if X contains no copy of ¢
then

[1] (x,) isboundedly complete

[2] (x;)isweak  closedin X

" 3
Suppose (x, ) is not boundedly complete. Then there exists (4,) € T with LZ iixiJ bounded but not

i=1

Cauchy in X . Let now ee ¥ and let (m,) and (n,) be increasing sequences in N such that

m <n <m,  and ai:Z/ljxjeue , that is, e(a,)>1,VieN. Here we set

m;

Mi={mi,m ,ni}.Choose uieUeO such that ‘<ui,ai>‘>1,v ieN andlet f € ¥ be

e
such that e(eMﬁx)Sf(x),VXEX, M e N and §eA .

By construction of the sets M . , it follows that

( A )
QLZaiJ=g|Z > ﬂixiJSeg,

ieN ieN jeM;

Whence <V,Zai>$eg Vge¥ ,VGU;

ieN
There exists a constant ¢ > 0 such that
0
Z‘<v,ai>‘Sc.eg Vge¥ ,veU,

ieN

Consider now T as a subspace of ¢ and define

BT > Xbyp(n)=>n,a,.

Then £ islinear and continuous, because of

9(ﬂﬂ)=9[2nnanj

9

= |LlJ.IOb <vzn: nnan> SC.eg.HnHm, Vvge¥Y ,7eT.

[ isalsoopen, because given 7 € T and j € N such that ‘77 j ‘ = Hn H , then we can choose 6 € A
such that

21



On Some Aspects Of u -Ideals Determined....

(5ini<uj,ai>= ‘ni<uj,ai>‘ forallie N .

: <“i’an>

:<vj,z §nnnan>£ e{z 6n17nan}
<f(pn).

Thus g is bicontinuous between T and X . This implies that T is dense in ¢ and since X is sequencially

Therefore H'7 Hw = ‘77,-‘3 >,

complete, S extends a linear homeomorphic embedding ¢ into X which is a contradiction.

We shall show that when (x:)c X " and (X;*)c X " satisfy
> :O:l X x:*H< 0

and

> ox(sTx))=0forseF(X,X),

then

> :O:lx:*(x:): 0.

We may assume that

Han—> 0andM =3

* *%

X < o0 .

n=1

* % 8
Let & > 0 andchoose N € N such that Z HX H < —. Since X has the weak approximating sequence,
4

n>N

for A = L‘/XA e K ()f,Z*),thereexistsanet(sa)c: F (XX )suchthatlubaHlsaHs Hl”sl

and
(L's,x) (k) > (L'x)(K) = (Lk)(x).
Therefore s”x” — x weak  for all x" e L (k). In particular s’ x" — x~ for all x" e F . Since
H,Bsa Hsl,we also have Hsa LHsl, if HXH= 1 then x~ = L k for some k € K . Thus Hsa x*Hgl

, SO s; — X isweak’ convergent. Hence there is some s = such that

* * * g
X, =S, X, |< ,h=1,.....,N
2M
Now we have
PIRED I N CHEE IR
n=1 n=1

X HLkn - s;Lan

N
<3 el -sx]s 2
n=1 n>N
(I ]

%
X
n

+Z‘

n>N

kn
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I1l. CONCLUSION
We have shown that u -ideals can be characterized using sequence spaces. In particular we considered

the sequence spaces ¢ and c . The u -ideals containing no isomorphic copies of ¢ are strict u -ideals

whereas those that are not homeomorphic to the copies of ¢ their u -complement is weak " -closed
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