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Abstract: The Energy Eigenvalues And Eigenfunction Of Trigonometric Poschl-Teller Plus Rosen Morse Non-
Central Potential Are Analysis Using Supersymmetric Quantum Mechanics. Trigonometric Poschl-Teller Plus
Rosen-Morse Is A Non-Central Shaped Invariance Potential. Recently Developed Supersymmetric In Field
Theory Has Been Successfully Employed To Make A Complete Mathematical Analysis Of The Reason Behind
Exact Solvability Of Some Non-Central Potentials In A Close Form. Then, By Operating The Lowering
Operator We Get The Ground State Wave Function, And The Excited State Wave Functions Are Obtained By
Operating Raising Operator Repeatedly. The Energy Eigenvalue Is Expressed In The Closed Form Obtained
Using The Shape Invariant Properties
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I.  Introduction

One of the important tasks of quantum mechanic is finding accurate exact solution of Schrédinger
equation for a certain potential [1][3]. It is obvious that finding exact solution of SE by the usual and traditional
methods is impossible for real physical system, except certain cases such as a system with oscillator harmonic
and hydrogen atom[2-5]. Thus, it is inevitable to use new methods to help us solve the real physical system.
Among the cases where we have to refuse ordinary methods and seek new methods are in solving SE with non-
central potentials. Accordingly, different methods are used to solve SE with non-central potentials among which
we can name, factorization method [6-9], NU method [8-10] [11,16], supersymmetry (SUSY QM) [11-13], and
Romanovsky Polinomials[12] [13].Supersymmetri is, by definition [14][15], a symmetry between fermions and
boson. A supersymmetric field theoretical model consists of a set of quantum fields and of a lagrangian for them
which exhibit such a symmetry. The Lagrangian determines, through the action priciple, the equations of motion
and hence the dynamical behaviour of the particle. Supersymmetry theories describe model worlds of particles,
created from the vacuum by the fields, and the interactions between these particles. The supersymmetry
manifests itself in the particle spectrum and in stringent relationship between different interaction processes
even if these involve particles of different spin and of different statistics.Recently, some authors have
investigated on solving Schrodinger equation with physical potentials including Poschl-Teller potential [16,17],
Non-central potential [18], Hulthén plus Manning-Rosen potential[19], trigonometric Rosen-Morse potential
and Scarf potential[20], Eckart potential Using NU method[21], and trigonometric Poschl-Teller potential plus
Rosen Morse by using Romanovsky polinomial [22]. In this paper, we investigate the energy eigenvalues and
eigenfunction of trigonometric Poschl-Teller potential plus Rosen Morse non-central potentials using SUSYQM
method. The trigonometric Poschl-Teller was used to describe molecular vibrations, while the trigonometric
Rosen-Morse potential was used to describe the essential of the QCD quark-gluon dynamics in the regime suited
of the asymptotical freedom of the quarks [23-25]. The angular wave functions are visualized using Maple 12.

I1.  Review Of Formula For Supersymmetric Quantum Mechanics

2.1. Supersymmetry Quantum Mechanics (SUSY QM)
Witten defined the algebra of a supersymmetry quantum system, there are super charge

operators Q; which commute with the Hamiltonian H  [10]
[Q.H.]=0 with, i=1,2,3,..N (1a)
and they obey to algebra {Qi ,Q; } = 0;H (1b)
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with H . is Supersymmetric Hamiltonian. Witten stated that the simplest quantum mechanical system has N=2,

it was later shown that the case where N = 1, if it is supersymmetric, it is equivalent to an N = 2 supersymmetric
quantum system [7]. In the case where N = 2 it is defined that,

Q= \/1*(0'1 om +0'2¢5(X)J and Q, = I(az Tom +o-1¢(x)j 2

o . 0 .
here the o; are the usual Pauli spin matrices, and P =—1h& is the usual momentum operator. Two

components of SUSY Hamiltonian, we shall write H  as Hi , are obtained using equation (1b) and (2) given

as,
2 d2 h de(x)

| Temad Tam e 7 ° () O
s 0 A h 4 ey | L0 H
2m dx? 2m dx

with

H =0 Sy (Wt V() = 4200 - # (0 (4a)
d,
an hz dz

H ==V, 00 With V. () = (9 + F“X) (4b)

with H_ and H, are defined as supersymmetry partner in the Hamiltonian, V_(X)and V, (X) are the

supersymmetry partner each other.
Equations (4a) and (4b) are solved by factorizing the Hamiltonian as

H (X)=A"A,and H,(x) = AA" (5)
where, A" = —Li+ #(x)and A= n d + ¢(X) (6)
' J2m dx J2m dx

with, A" as raising operator, and A as lowering operator.

2.2. Shape Invariance

Gendenshtein [1]discovered another symmetry which if the supersymmetric system satisfies it will be
an exactly solvable system, this symmetry is known as shape invariance. If our potential satisfies shape
invariance properties we can readily write down its bound state spectrum, and with the help of the charge
operators we can find the bound state wave functions [10,14]. It turned out that all the potentials which were
known to be exactly solvable until then have the shape invariance symmetry. If the supersymmetric partner
potentials have the same dependence on x but differ in a parameter, in such a way that they are related to each
other by a change of that parameter, then they are said to be shape invariant. Gendenshtein stated this condition
in this way,

V.(x;a;) =V_(x;a;,,) + R(a;,,) ()
with, v, (x;a;) = ¢*(x;a;) +%¢'(X;aj) (82)
h
N 2 nem . (8b)
V—(X1aj) ¢ (X1aj) \/m¢(x1aj)

where j = 0,1,2,.., and a is a parameter in our original potential whose ground state energy is zero.

a;,, = f(a;) where f isassumed to be an arbitrary function for the time being. The remainder R(&;) can be

dependent on the parametrization variable a but never on x. In this case V_ is said to be shape invariant, and we
can readily find its spectrum, let us take a look at H,

hz d2 (9)
H=H_+E, =~ > dx — +V_(x;a,) + E,

Acoording to equations (8b) and (9) we get,
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V() =V (x20) + Ey = #7(X 2,) —%W(X:ao) +E, (10)

where V (X) is the effective potential V,, , while ¢(X) is determined hypothetically from equation (10) based
on the shape of effective potential from the associated system.

By setting H_=H, and H, =H, and by applying equations (7), (8a) and (8b) we get the
generalized k™ hamiltonian equation as,

2 2 .
_: §2+wumd+ZxR@%wmkﬂugw. (11)
m dx =

By applying the characteristic of the Hamiltonian operated to the lowest wave function it is found that
_ k
EO( ) = zi:l R(a;) . So that, in eigen energy spectra of H_ is obtained as,

K =

=) n
E." =2, R@) (12)
Furthermore, we get the total energy spectra from equation (9) as,
E =E" +E, (13)

with Ej as ground state energy of the system.
Based on the characteristics of lowering operator, then the ground state wave function is obtained from
equation given as,
Ay, =0 (14)
Meanwhile, the first excited wave function and so forth ¥ (x: a; ) are obtained by operating raising

operator to the ground state wave function ¥y (x; ay ) . In general, n" excited state wave function is obtained
from the nearest lower wave function given as,

v (68) = AT (% a,)w 0 (6 a,) (15)
The explanation above is the simple algebra procedure to construct the hieracy of Hamiltonian. In the next
session, the solution of Schrédinger equation will be investigated by using supercharge operator for either one
dimension system or three dimension system which is reduced to one dimension system.

I11.  Solution of Schrédinger Equation for trigonometric Poschl-Teller potential plus Rosen
Morse Non-central potential using Supersymmetry method
Schradinger equation for trigonometric Poschl-Teller plus Rosen-Morse Non-central potential is the
potentials present simulataneusly in the quantum system. This non-central potential is expressed as,
n? oL +1) n? (a(@a—1) bb-1) 16
Vo) =5 (sinz(r/a) B Zycot(r/a)j * 2mr? ( sin?0 | cos o ) (o
The three dimensional Schrédinger equation for trigonometric Poschl-Teller plus Rosen-Morse non-central
potential is written as,

2 2
E T S A R W %
2m| r? or or r?sin@ 66 o6 r2sin? @ o¢*

" (U(U+1) _Z#CO(ZJ}//"' " [a(a—1)+b(b—1)jW:EV/ (17)

2ma’ \ sin?(r/ ) 2mr?\_sin?@  cos’ @
If equation (17) multiplied by factor (_ 2m;’2 ), and then the result is solved using separation variable method
h
since the non-central potential is separable. By settingy/(r,8,¢) = R(r)P(8)®(¢), with
X (r)H (@)™ :
RPD(y(r,0,p) = 222227, we obtain,
(w(r.0,9) Jsind

10(,RY) r’*(o+l) 2mr?
——| = |- —2ucotlt) [+ ——E
ha(aJ ﬁ&wm ueot(;) 72 (18)

1 o(. 0P 1 0*® (a(a-1) bb-1)
| SIN0— [+— s — ot 5 =0
Psing 060 00) ®sin“@ op sin®gd  cos @

from equation (18) we obtain radial and angular Schrédinger equation as,
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10( R r(o@+l) 2mr?
) a[m 2pcot(; )J T E (19)

_ 2
[a(a D, b<b21>]_ 1 i(singajj_ L 0P iy
sin?@ cos @ Psin@ o060 o0 dsin“ O o

with I{l + 1) is constant variabel separable, where ¢ as orbital momentum number.
From equation (19) we get radial and angular Schrédinger equation with single variable as following,

10 AR\ r?(ov(+1 2mr? _ (20)

R ar[Ir 8rj Z(Sinz(') 2pcot(; )j P S

or equation (20) multiplied by( £, with R(r) = , S0 using symple algebra, we get,

oy v(+1) 2(¢+1) 2m (21)

L |2 Ny - X =-"E

or* o [ smz(i) #COt(“) z r? e

and than, for solve radial Schrdédinger equation, we use approximation for centrifugal term,

1 _1r, .1 forL<<1,with dozi,ezz_zﬂE we get,

r2- a0 sin?(t a 12 n*

Py 1 v+ 1 1 5 (22)
- —2ucotl- —(¢+1)—|d =

or? az[sinzg peots) [r (+)a2 D+sinzi r=e

2
from equation (22) simplied by (— L) we get radial Schrddinger equation,
2m

2

n 0%y K [o(o+1)+ 0 +1]) h? o, (23)

-ty —2ucotlL) |y + —— (0 +1)d,y = ——
2m or? Zmaz[ sinz(é) H t(") T oma? (*+Ddoz om = *

The angular Schrédinger equation obtained from equation (19) is given as,

_ 2
(a(a D, b(bzl)J_ 1 o [ QQJ _12 o q2> — e +1) (24)
sin? @ cos” @ Psin@ 06 o0 dsin” @ o

and by setting laib:_mz we get azimuthal wave function as
® 0¢?

®= | Lem m=oox12,. (25)
27

and equation (24) becomes,
2
(a(a D, bb- 1)) L i[sinea—PjJr M _y+1) (26)
sind  cos’ @ Psin@ 00 00) sin“@
with m? as variable separation and we get one dimensional angular Schrédinger equation,
n? d’H K [a(a—1)+m2—;§+b(b 1)}

[ +7
2m dé®> 2m sin? @ cos’ @

(e(f +1)+ 1)H @7

3.1. The solution of Radial Scrodinger Equation for trigonometric Poschl teller potential plus Rosen

Morse
Factor R in equation (20) is defined as wave function y/, then the Schrédinger equation for

trigonometric Poschl-Teller plus Rosen-Morse potential in radial with the assumption of &'= _% € can be
rewritten as follow,
w0y R [o(+D)+0(+1) h? (28)
-— + —2ucotlL) |y +—— /(¢ +Dd,y =€
2m or?  2ma? sin?(*) ueot) 2ma? (F+Ddoz =<y
Based on equation (28), the effective potential of radial SE trigonometric Poschl-Teller plus Rosen-
Morse is rewritten as,

n (o+D)+0(0+1) h?
V., = —2ucotlL) [+ —— /(¢ +1)d (29)
o Zmaz( sin?(%) ucot) 2mgz (D%
or,
n [ v'(v'+)) n’
= —2ucot(L) |+ —— /(¢ +1)d (30)
ef 2macz(sin2r ucott?) 2ma’ (¢+1d,
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with 0'= Jo(L+1) + (£ +1) +2 -1
By inserting effective potential in equation (30) into equation (10), we obtain

v'(L'+1) ;
P00~ = # 00 =5 (sz()—zucot(a)}

with ¢ is factorization energy or ground state energy of the system. From equation (31) it is intellectually
guessed that superpotential in equation (30) is proposed as,

$(x) = Acot(£) -2 (32)
where A and B are indefinite constants that will be calculated. From equation (32), we can determine the value
of ¢'(x) and @°(X), then the result is inserted into equation (31) and we get

hz
~0(0+1)dy — & @31
o

A n,B? n A 1 (U] . (33)
() A? —2Bcot(%) + 2 T a ()~ ama? ( (1) 2ucot(L) |+ ﬁ(ﬁ+1)d
By analysing the similar term between left and right hand side in equation (33), we obtaln,
h 1 n* n* .
A%+ A = "+1 —Bcot(®) =— cot(£):
[ a/2m jsinz(;) oma? D Gy (a) ()=~ gz #o0t)
d_p2, B _ 7 34
Nl — A%+ 5 = o — (U +Dd, — & (34)
From the three equation in equation (34), it is obtained that,
h h
A = panda —— %y (35a)
T a2m B aw/Zm( )
hz
B= (35b)
2ma’ "
h? 5 .
T [(u'+1)2 ad _W”)%J o
The value of A and B arechosen by considering that the value of F,_'\:_:' is equal to zero, so,
ry= v'+l)cot(t) - ——— (36)
$(r) aﬁ{( ) cot(;) o' 1)}
By using equatlons (6) and (36), we get
h o d hi i
A" = = — - v'+1)cot) — (37)
\/ dr +on = C2mdr a2m (( Jeot,) (u'+1)j
and p— " i+ =" da__n v'+l)cot(t) - —— (38)
a0 e iz OV

The ground state wave function is obtained from equation (14) and (38) given as,

{ e +¢<r)}wo -

that gives,

j Vo (r 8) = (v+1) [cot(H)d (£) - i 1)jdr
Iny; (r,a,) = | (V'+)Insin(~) ——~“—r |+ C
7 a(v'+l)

S(r,a,) = C(sin() ) expl - —£—r (39)
v (r,3) = Clsin()) xp[ P
By using equation (15) we obtain the first excited wave function as,

) (- . (-
i (hag) = A (X ayg (ria) (40)
wherea, =v'=a, =v'+1, ...... ,a, = U'+N is the independent parameter to variable “r”. By inserting the

value of the parameter to equation (39) and (37) and by using equation (40), we get
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=) - ~| — h i_ h U ry _ M TN (L'+2) _ y2
Vi (ri2) N[ Jamdr  a2m (‘“ +1)cotls) (U-ﬂ)D{C(S'"(a)) ex'“( 2W+2) rj}
. h Qo) oy , " PPN CE) M (41)
= am [( ©02) ') sin(f) - (2v +3)cos(a)D{C(sm(a)) exp( 7a(u’+2) rj}

By repeating the step in obtaining equation (41) we get the upper levels of excited wave function as
v, (r;a,), w7 (x;a,), .. and so on.

The ground state radial wave functions with various value of the orbital quantum number n, but with
the certain values of potential parameters are shown in Table 1. 7

Tabel 1. ground state radial wave function for trigopnometric Poschl-Teller plus Rosen-Morse non-central
potential with different orbital quantum number

alb|m v ' =)
n ll n / g U l//(nr ;/,’;U')
0 4 12 |1 110 2 5,6

6,08 (sin(r))7‘°8e[7ﬁj

76 | 7,97 (sin(r))8'97e @]

-
0 1412 [T [1(2 |2 [ g5 o9 (Sin(r))lo.ge[*ﬁ]

The radial wave function of trigonometric Poschl Teller plus Rosen Morse non central potential, it
seems only affected by r function that described distant motion or imminent electron from atom core. Polar
quantum number n;, 4 and magnetic quantum number m constant, at this point this research was focused on the
same electron, therefore, the increasing of disturbance from Rosen Morse non central potential from the value of
¢ ,and p' that getting bigger showed the increasing hyperbolic synus factor of wave function, mathematically,
it will be affected to the shift of wave function. The shift that occured can be seen in radial wave function side
visualisation on the figure 1. The effect of Poschl-Teller potential to the radial wave function determined by the
values of I. The larger is the values of I, the larger is the values of ©'which causes the increase in the wave
amplitudes, as shown in Figure 1. The effect is larger for larger r.
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N
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Figure 1. The ground state radial wave function for trigonometric Poschl-Teller plus Rosen
Morse non central potential for different n,

Figure 1. Show that effect of the Poschl Teller non central potential result in the shifting of wave
function toward the radial direction r, thus increasing wave amplitudo. The shifting that occured can be seen on
the visualisation of wave function radial side on pigure 1, it can be seen that the effect of Poschl Teller non
central potential results wave function shift towards radial direction r, but not too significant, then it increasing
amplitudo wave. The shift of amplitudo indicates the energy level that getting bigger then electron by way
motion that not too far, which indicates the probability of finding bigger electron.By using equations (8a), (8b)
and (36), we determine the potential partner which have shape invariant as

oo+l B h? e 2
V(ra)= B te —(U'+1 (428)
P2 = e sin?(n)  ma? “% T amg | e~

and,
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2 ' ' 2 2 2
L WRDOR2) T oty [ (pay (42b)
ma®  sin®() ma “7 2ma”  (L'+])
If we have chosen parameters ay = v\ a; =v'+ 1, 8; = v'+ 2. ...then V. (v, a;)
obtained by changing v'into »'+1in equation (42a) is given as
B (O+)+2) K h? 2 ,
2 ( ; )2( r ) 7 HCOt(]) + 2 :U 2 - (+2)° (43)

ma®  sin() ma 2mea” | (b'+2)

From those two equations (42b) and (43) can be seen that V. (r,a,) have similar shape with ¥_(r. a,),
and by using shape invariance relation in equation (8) we obtain R(a;) as

hZ #2 ) hZ #2 )
R(a)=V.(r.a)-V_(r.a)= -+ |- —(U'+2 (44)
(a)=V.(r,a)-V_(r,a) o ((u'+1)2 (v+D 2ma’ | (042)° (b'+2)
We repeat the step as on the determination of equation (44) by using equations (42a), (42b), and (43),
to obtain V. (. a,) and V. (r. a;), as,

V.(ra)= . n (0+2)('+3) mh;Z pcotl) + n ( ©wo (u‘+2)2} (45a)

V. (r,a)= 5

V. (ra)= 5

ma?®  sin?(%) 2ma’ \ (0'+2)?
h o (V+2)(L+3) K h? u° )
V (r,a,) = - e —(L'+3 (45b)
-(r3,) 2ma?  sin*(f)  ma’ peot) ¥ 2ma? | (L'+3)? 3
From equ. (45a) and (45b) so obtained,
n* ﬂz 192 n* /UZ )2
R(a,) =V, (r,a) -V (r,a,)=—— —(L'+2)? |- —(u'+3 (46)
(a2) +(r ai) —(r a2) 2ma2 ((U,_'_z)z (U+ ) j 2mO,’2 ((UI+3)2 (U+ )

Then, the determination steps on equ. (44) or equ. (46) above are repeated until parameters heading to n, a, to
determinate R(a,) and finally obtained,

) n n o 2 n* o 2 (47)
E~ = R(a)=—— — (4D |- —(+n +1
" Zk:l @) 2ma’® [(u'+l)2 (1) ] 2ma? ((U'+nr +1)° wsn +) J

If equ. (47) and equ. (36¢) inserted into equation (13) we obtain the energy spectrum for Rosen Morse system
i.e.

hZ
2ma?

2
E,=EO +E,=— ( A (v+n, +1)7 = +1)d0] (48)

(+n, +1)°

with, E, =€', and U'=\/U'(u'+1) +0(0+1)+1 —1, s0 equ. (48) is energy solution of Schrodinger equation for
trigonometric Poschl-Teller plus Rosen Morse non central potential with
hz
2m

W 2m 1 1 . )
-—|-—E|= ; —(Jolo+) + (0 +D) +5 =5 +n, +1)" = L(/ +1)d,
2am\ h 2me’ | (Jo+1)+ (0 +1)+1 ~1+n, +1)

e’=E

n

2

nr 2

"~ 2ma (\/u(u+1)+£(f+1)+i+n,+§)2+1z(f+1)do—( i (49)

\/u(u+1)+f(,€+1)+%+n, +%)Z

Equation (49) showed energy spectra of trigonometric Poschl-Teller plus Rosen Morse non central potential,
with,
h : planck constants,
me : elementary particle mass
a and b : constants potential depth,
n : principe quatum numbers, n=1,2,3...
n, : radial quantum numbers, n,=0,1,2...
[ : orbital quantum numbers.
From equation (49), we draw the graph of the energy spectra of trigonometric Poschl Teller plus Rosen
Morse non central potential for different level shown in Figure 2.
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Figure 2. The Energy spectra graph of Rosen Morse potential, with and without the presence of Poschl-Teller
potential, with m=1,m; =1, p=1, v =2, and n,, = 0,1,2,3,4, 5.
Figure 2. shows that the value of energies affected by quantum orbital number | which depends on the
values of Pochl-Teller potential’s parameter.

3.2 The solution of angular Schrédinger equation trigonometric Poschl-Teller plus Rosen Morse non-
central potential.
To ease the solution of angular Schrédinger Equation, i.e.,

%(f(f +1)+1)H =EH (50)

If equ. (50) incorporated to equ. (28) so angular Schrddinger equation Poschl-Teller plus Rosen Morse non
central potential chanced into,

2 42 2 _ 2_1 —
1 d°H h[a(a D+m’—% b DJH:EH (51)

- +
2m d&* 2m sin®? @ cos’ @

Based on equ. (51), effective potential of angular trigonometric Poschl-Teller plus Rosen-Morse non
central potential is expressed as,

_n a(a—1)+m2—% b(b-1) (52)
T 2m sin? o cos’ @
if, aa—1) + m? -1 = a'(a'—1), we get
n? (a (-1 , b(b—l)j (53)
" 2ml sinZe cos? @

with a'= \/a(@—1) +m? +1
According to the form of those effective potential equations, then superpotential equation of angular

trigonometric Poschl-Teller plus Rosen-Morse non central potential is expressed as,
#(0) = Atan 9+ Bcotd (54)

where A and B are indefinite constant that will be calculated. From equ. (54), we determine the value of pp(x)
and @3 (x), and by using equation (6) we have

2 J—
A%tan’® @ + Bzcot29+2AB—L(Asec 6—Bcsc? 0)= h [a (@-1) , blb - 1))—5 (55)
\2m 2m\ sin®@ cos“ @

By using in common concept of coefficient between left and right hand side, we obtain

2, N 1 h2 1 2, 1 _hz .
L T LA S

cos? 6’ J2m Jsin’@  2ma sin 6’
and £ =E, :A2+Bz—2AB (56)
from those third equations on equ (56) is obtained,
A = g atau A = ——(b 1)
v2m v2m
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(57a)
B —L(a'—l)—iwla(a—l)er2 -1
© \J2m \J2m 2
7 7
OB =——a'=——— Ja(@a-1)+m”* +1 (57b)
J2m V2m (-1 2
2
E,—e=""(b+a) (57¢)
2m
Aand B value are chosen so that the value of E{ is zero.
By using egs. (8a) and (8b) are obtained,
h
0 b tan 6 — a'cotd (58)
#0) = ppband-
L} - T h ) - L}
V_(6;a,b) = ¢2(‘91 a’y ) _ﬁ¢ (6;a'; by)
2 v L _ 2
_h [a_(a 1)+b(b 1)j y7) (b+a')? (59a)
2m\_ sin® @ cos® @ 2m
V. (0; @' by) = ¢°(0; &, by) + —— \/7 @' (0;a',by)
2 [ [ 2
_ A [a _(a2+1) . b(b —zl—l)j h b+ a')? (59b)
2m\_ sin“© @ cos” @ 2m
From those two equations (59a) and (59b) is obtained ay = a; by =b: & =a +1; b, = b+ 1;...
2 ' [ 2
vV (6;a, b)) =2 (a (a'+1) | b jl)] " (b +a2)? (60)
2m sin”© & cos” @ 2m

From those two equ. (59b) and (60) can be seen that V. (8,a,b,) have the same form with V. (8.a, b, ) |
and by using shape invariance relation on equ. (8), is obtained that R{a, b,)

2 2
R(a.b) =V (0;a',b,) —V (;a',b,) = j—m (b+a+2)’ — S—m(b La) (61)

We repeated the step as on determination of equ. (61) with using steps equ. (59), and equ. (60) to obtain
V,.(8.a,b,) and V_ (8. a,b,) equations, so obtained,

2
V. (0:a', by) = ((a +1)(a +2) (b + 1)(2b + 2)] h b+ a'+2)? (62a)
2m sin? 49 cos“ @ 2m
v o - S (CRED  COLD) ey OB

By repeated the step from equ. (62a) to (62b) we often,
(63)

. . . n?
R(a’,b,) =V, (6;a' b)—-V_(6;a’,b,) = %

2 2
R(a', b) =V, (6:a" b, )~V (6:a'b,)= 2h—(b +a2n)’ — ;l—(b +as2n—2fF  (64)
m m

By repeating the steps in equ. (61) or equ. (63) until parameters heading to n, a,b;, to obtain R(a,k,) as on equ.
(64) and finally it is obtained the parameter that has energy order given as,

n h? h?
)= R(a,)=—(b+a+2n)? - —b+a'yf (65)
2aR@) = ) o bra)
If equ. (65) and equ. (57¢) are inserted into equation (13) we obtain energy spectrum of Poschl-Teller system so,
hZ hZ hZ
E,=EX +E,=—(b+a+2n)?-——b+a)+—(b+ay
n n 0 2m ( ) 2m ( ) 2m ( )

2

so E, = h—(b +a'+2n)? (66)
2m

witha =/a(@a-1)+m’ +1

By using the parameter that has the order the same with energy expressed in equation (50) we obtain the orbital
quantum number given as
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(e+n+1) = (\/a(a—1)+m2 +%+b+2n)2

or ¢/=,/a(@a—1)+m?+b+2n (67)
The angular quantum numbers on equation (67) is used to calculate energy spectrum for potential non central
system.

By using equ. (6) and (58) are obtained

h d h n
A =——— — (0 — 4 —btan& ———a'cotd (68a)
V2 d@ +9(0) = «/ m dé@ «/ m V2m
and A = L— d +——btang - h a'cotd (68b)

Fd9¢()Fdeﬁ Jom

By using lowering operator on equ (68b), we calculate the ground state wave function for angular
trigonometric Poschl-Teller plus Rosen Morse non-central potential as follows,

h d 7 h
—btand—-——a'cotd =0

{w/ dH v2m v2m }%
Idlf(a,ao) = a‘_[cotéd@—b_[tanéde

Yo
v, (r,a,) =C((cosd)’ (sin 8)* =C((cosd)’ (sin @)Y+ 2 (69)

Then, by using increasing operator on equ (68a) and basic wave function determinated first level

excited wave function,

w7 (6;8)) = AT(O; ao)V/(()_) ©, ai)

v, (6;a,) = ( \/_ ddg N btan 6 - \/h_m a coté?j((cosé?)k”l (sing)**
= F {(2b +1)(sin 6)? — (2a'+1)(cos 6)? ))(cos 6)° (sin O)* (70)
m
v, (6;8,) = Zr; (— dd—g +btang-a'cot ej{((Zb +3)(sin 6)? - (2a"+3)(cos 0)’ }(cos 0)" (sing)"™

= hr; {((4a'2+8a‘+3)(cos 0)* + (4b* +8b + 3)(sin 9)“)— (8ba'+12a'+12b)(sin #)*(cos 9)2}

(cos0)° (sin 6)* ) (71)
To determine the excited wave function above can be done as on determination of first level excited
wave function as follows,

v, (6;3,),,7 (6;a,),and so on.
Therefore obtained wave function level that is wanted.
Since QL7 (e, ) =w. ™ (xia, ), S0 we get,
b_¥a (8:8) (72)
Jsin 6
with e = .,,-'m +f
Furthermore, the result of each calculation from 1% and 2™ excited wave function, with the value #;, m, a, and b,

which is listed in table 2, at the same time altogether with the visualisation of polar wave function shown on
table 2, below,
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Table 2. Polar wave function of trigonometric Poschl-Teller potential plus Rosen Morse

No Potman M m 2 b ¢ P = l/ln(i) (01 an)
+/sin &
T | P 1 [0 [0 |0 05 {(sin 0)2 — 2(cos 0) }
"'"‘_"‘;.3:\
2 | Fam 11 o o L5 {(sin 0)? —4(co
3 Focs T |0 0 |2 05
4 Plozs 1 0 2 4 1,91
5 | Proms 2 j0 o o 05 8.(cos ) +3.(sin 8)* —24.(sin 8)* (cos H)>
6 | Fam R 223 {(40,78)(0050)4 +3.(sin0)" —(44,78).(sin 0)2.(cos6')2}
(sing)*’
7| Pase 2 |1 [0 14 15 {(24)(00549)4 +99.(sing)* _ (132).(sin¢9)2.(cose)2}
(cos#)*(sind)
8 | Pum N A 2238 {(40,78)(00549)4 +99.(sind)* - (164,2).(sin6)2.(cose)2}
(cos)*(sin@)-"
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O | P 2o 2 o [ 1 T {3297)(cosh)* +3.(sind)" — (409).(sind)2.(cost)’
(sing)™*

0 | P 2o oz | o8 (8)(cos)* +35.(sin6)" - (56).(sin6)*. (cos)’}
(cosh)’

Table 2. shown the form of polar wave function connected to the angular spin direction electron
momentum also describe solid dependent probability on the angular. Generally, polar wave function definition
is same with radial wave function which is describe the probability of electron finding, but both of it have
difference on its motion; if radial wave function connected to the far or near of the electron to the nucleus, so
polar wave function is connected to the rotation of the electron to the nucleus.

IV.  Results And Discussion

The radial wave function of trigonometric Poschl Teller plus Rosen Morse non-central potential seems
only affected by r function that describe far or near electron motion frrom the atom core. Orbital quantum
numbers m;, u, and magnetic quantum numbers constants m, on this research is focused on the same electron.
Hence to that, the increasing effect of Rosen Morse non central potential of I, and v’ value that getting bigger
show the increasing hyperbolic synus factor of wave function, mathematically, will be affected to the shift of
wave function. The shift that occured can be seen on the visualisation of radial ground state wave function on
Figure 1, it shown that trigonometric Poschl Teller potential results on the shift of wave function towards r
radial direction, but not too significant, at the same time increase wave amplitudo. The shift of amplitudo
indicates the level of energy that getting bigger also electron byway motion that is not too distant, which
indicates the probability of bigger electron found.Equation (49), is obtained energy spectra grafic of
trigonometric Poschl Teller plus Rosen Morse non central potential, can be seen that value of orbital quantum
numbers affected by [ value, with m, n;, u dan v constants. The bigger I value determinate capacity of effect
from Poschl Teller potential, at this point, the bigger [ value, Rosen Morse potential will experience the bigger
effect from Poschl Teller potential, so that the electrons need higher energy to be on certain layer.On table 2,
showed that parameter a' and & influencing wave function. Value of b gives exponential factor to the wave
function while &' value increasing sinusoidal factor wave function. At this matter, value of polar quantum
number factor (n;) gives influence on the complex fraction of angular & function. Parameter a' which is
affected by factor ‘m’value that break down angular & function with little angular ¢ function, & parameter
breaks down angular & function with big angular ¢ function. Figure from table 2, show that there are close and
open wave visualisation results. Those results are affected by the existence of sinusoidal factor on the wave
function that were used. It can be seen that if synus factor on wave function equation have value, then the
resulted wave visualisation is open, and on the contrary.

V.  Conclusion
Based on the describtion, on Il and 1V point, proved that trigonometric Poschl Teller potential plus
Rosen Morse non central potential for group of shape invariance potential can be solved with Supersimmetric
method.
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