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ABSTRACT: The cubic diophantine equation with four unknowns given by 

   33333 yx3zw4yx   is analyzed for its non-zero distinct integral solutions. Using different 

choices , integer solutions for the equation under consideration are obtained.  
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I. INTRODUCTION  
The cubic diophantine equations are rich in variety and offer an unlimited field for research [1,2]. For 

an extensive review of various problems, one may refer [3-24]. This paper concerns with another interesting 

cubic diophantine equation with four unknowns given by    33333 yx3zw4yx   is analysed for 

determining its infinitely many non-zero integral solutions.  

 

II. METHOD OF ANALYSIS 
The cubic diophantine equation to be solved for its non-zero distinct integral solutions is given by 

                     

333 )yx(3)zw(43y3x                                          (1)                     

Introducing the linear transformations 

pvu      v-p = z  v,p    w v,-u  =y         v,+u  =x 
     (2) 

in (1), it changes to 

                      222 p45v=u                                                           (3) 

We present different methods of solving (3) to get different sets of  integer solutions to (1). 

 

METHOD 1:       

We can write (3)   in the form of ratio as  

              0,
p2u

v5

v

p2u











          

The above equation is equivalent to the double equations 

0p2vu      and 

0p2v5u   

Applying the method of cross multiplication, we get 

  4v,5p,102u 2222
     (4) 

Using (4) in (2), we have 
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Thus,  (5) gives  a set of integer solutions for (1). 

Note:  One may write (3) also in the form of ratio as 

              0,
p2u

v

v5
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
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
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
 

In this case, the corresponding integer solutions to (1) are given by 




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22

22
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METHOD 2: 
We write (3) as a system of double equations as shown in Table 1 below: 

 

Table 1: System of Double Equations 
System I II 

p2u   2v  
2v5  

p2u   5  1  

 

After some algebra, the solutions to (1) through solving each of the systems in Table 1 are exhibited as follows: 

Solutions through system I:  

      2k2w,k4k2z,2k2y,4k4k2x 2222                    

Solutions through system II:  

   2k7k5w,k3k5z,2k8k10y,4k12k10x 2222   

METHOD 3: 

Let  

                    
22 b5ap                                                          (6) 

where  a  and  b  are  non-zero  integers. 

Write  4  as 

                          53534                                                        (7) 

Using  (6), (7) in (3) and  applying  the  method   of   factorization,  define  

                        2b5a53v5u                                               

from  which  we  have 

                       









22

22

b5ab6av

b15ab10a3u
                                                        (8) 

Using  (6)  and  ( 8) in (2)  the  values  of  wyx ,,  and  z satisfying (1) are  given  by 

                  

2

2

22

22

b10ab6z

ab6a2w

b10ab4a2y

b20ab16a4x









                                              

Note: In addition to (7), 4 may also be written as below: 

  5375374                                               (9) 
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  
121

53235323
4


                                                                 (10)      

Using (6), (9)  and  ( 2),  the  values  of  zyx ,,  and  w   satisfying (1)  

are  given  by         

22

22

22

22

b20ab14a2w

b10ab14a4z

b20ab16a4y

b50ab44a10x









                                                         

Using (6),(10) and (2),the integer solutions to (1) are given by 

22

22

22

22

22

B605A121)B,A(pp

B770AB506A88)B,A(zz

B440AB506A154)B,A(ww

B1100AB176A220)B,A(yy

B1430AB836A286)B,A(xx











                         

 

 

 

METHOD 4:                  
Introducing the linear transformations 

 3Uu5T,-Xp4T,Xv         (11) 

in (3) , it leads to 

 
222 T20XU                     (12) 

which is satisfied by 

 
2222 sr20U,s20rX2rs,T   

Substituting the above values of X and T in (11), we have 

 rs10sr20p,rs8sr20v,s360ru 222222   

Substituting the above values of u, v and p in (2) , the corresponding non-zero integer values of x,y,z,w 

satisfying (1) are given by 

22

22

22

s2rs2r40w

rs18z

s4rs8r40y

s2rs8r80x









 

Note: 

The linear transformation (11) can also be taken as 

  3Uu5T,Xp4T,Xv         

By following the procedure as above, a different set of integer solutions to (1) are obtained. 

METHOD 5: 

We write (12) as a system of double equations as shown in Table 2 below: 

                         

Table 2: System of Double Equations 

 

After some algebra, the solutions to (1) through solving each of the systems in Table 2 are exhibited as follows: 

Solutions through system I:  

2kk10w,k9z,4k4k10y,2k4k20x 222   

System I II III IV V 

XU  2T10  
2T5  

`2T2  
`2T  

T10  

XU  2  4  `10  20  T2  
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Solutions through system II:  

4k2k20w,k18z,8k8k20y,4k8k40x 222   

Solutions through system III:  

10kk2w,k9z,20k4k2y,10k4k4x 222   

Solutions through system IV:  

20k2k4w,k18z,40k8k4y,20k8k8x 222   

Solutions through system V:  

k7w,k9z,k10y,k26x   

METHOD 6: 
Write (3) as 

   

                       1*up45v 222                             (13) 

Write 1  as 

                        
 













 


2a

)2ib5(2ib5
1                                                                    (14) 

 where          

        

   

4b5a 22   

Assume 

                       
22 45u                                                                                                  (15)    

                                

Using (14), (15) in (13) and applying  the  method   of   factorization,  define  

                     












 


a

2ib5
2i5p2iv5

2

                           

After performing a few calculations,  we  have 

           














bPQ10Q4P5(ap

PQ8bQ4bP5av

)Q4P5(au

22

22

222

                                                       (16) 

Using (16) and (2),  the  values  of  w,z,y,x    satisfying (1) are  given  by 

                        

PQ)a8ab10(Q)b1(a4P)b1(a5w

PQ)a8ab10(Q)1b(a4P)b1(a5z

aPQ8Q)ba(a4P)ba(a5y

aPQ8Q)ba(a4P)ba(a5x

22

22

22

22









   

             

For example ,when  b=1 and a=3,the corresponding values of x,y,z,w satisfying (1) are  

as follows: 

              

PQ6Q24P30w

PQ54z

PQ24Q48P30y

PQ24Q24P60x

22

22

22









          

Note: 1 on the R.H.S. of (13) may also be written as 

 

 









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)ib5(ib5
1  



A Search  On the Integer Solutions of Cubic Diophantine Equation with Four Unknowns 

17 

where          

                 

1b5a 22   
In this case, the corresponding values of x ,y ,z ,w  satisfying (1) are found to be 

                        

PQ)a8ab20(Q)b21(a2P)b21(a10w

PQ)a8ab20(Q)1b2(a2P)b21(a10z

aPQ8Q)ba(a4P)ba(a20y

aPQ8Q)ba(a4P)ba(a20x

22

22

22

22









 

For example when  b=4 and a=9,the corresponding values of x,y,z,w satisfying (1) are as follows: 

)PQ72Q18P90(9w

)PQ88Q14P70(9z

)PQ8Q52P100(9y

)PQ8Q20P260(9x

22

22

22

22









 

 

III. CONCLUSION  
 In this paper, different sets of solutions in integers are exhibited to the cubic diophantine equation with 

four unknowns given by    33333 yx3zw4yx  through employing the linear transformations 

pvu      v-p = z  v,p    w v,-u  =y         v,+u  =x   . There may be other choices of transformations 

or methods to find some more infinite number of solutions. Since diophantine equations are rich in variety, one 

may try other choices of solutions for different cubic equations with multi-variables. 
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